COT 6405 Introduction to Theory of
Algorithms

Topic 3. Divide and Conquer
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General rule

To solve (an instance of) a problem P
IF (the instance of) P is “large enough” THEN

Divide P into smaller instances of the same problem
Recurse to solve the smaller instances

Combine solutions of the smaller instances to create a
solution for the original instance

ELSE
Solve P directly



Time complexity

To solve (an instant of) a problem P
IF (the instant of) P is “large enough” n>s THEN

Divide P into smaller instances of the same problem at a
cost of g(n)

Recurse to solve the smaller instances < aT(n/b), if there
are a instances of size < n/b

Combine solutions of the smaller instances to create a
solution for the original instance at a cost of h(n)

ELSE

Solve P directly at a cost of ¢,



Time complexity (Cont’d)

* The total cost of a Divide-and-Conquer
algorithm is governed by the recurrence
relation

T(n) < aT(n/b) + g(n) + h(n) if n > s, and
T(n) < ¢y otherwise



Example 1: binary search

 Determine whether x is one of A[1], A[2], ...,
A[n] (and retrieve other information about x).

— Assume that A is a sorted array



Binary search (cont’d)

function BINARYSEARCH(A, x, lower, upper)

if lower < upper then

mid = floor((lower + upper)/2)

if x < A[mid] then

return BINARYSEARCH (A, x, lower, mid)

else return BINARYSEARCH (A, x, mid + 1, upper)
else

if x = A[lower] then return lower

else return 0
end BINARYSEARCH



Number of comparisons

* |f we count the number of comparisons, we
can obtain T(n) =T(|n/2])+1
4 T(n)=T(Jn/2])+1 )
=[T(|n/4])+1] + 1

\_ =T(|n/2!|) +iaslong as n > 2‘)
The recursion bottoms out when n = 2%, and then
T =T([20/2])+i=T(1)+i=1+lgn
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Example 2: merge sort

* The merge sort algorithm closely follows the divide-
and-conquer paradigm
— Divide: divide the n-element sequence to be sorted into
two subsequences of n/2 elements each.

— Conquer: sort the two subsequences recursively using
merge sort

— Combine: merge the two sorted subsequences to produce
the sorted answer

The recursion “bottoms out” when the sequence to
be sorted has length 1
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Merge sort (cont’d)

MERGE-SORT (A, p, r)

ifp<r
q=
ME
ME
ME

[(p +1)/2]
RGE-SORT (A, p, )

RGE-SORT (A, g+1, r)

RGE (A, p, q, 1)



Merging
MERGE (A, p, g, r)
n=q-p+1 n,=r—q
create arrays L[1..(n,+ 1)]Jand R[1 .. (n, + 1)]
fori=1ton,
L[i]=A[p+i-1]
forj=1ton,
RIJT=Alq+]]
L[n, +1]=ow; R[N, +1]=00; i =1, j =1,
fork =ptor
IfFL[I]<R[]]
then A[k] = L[i]
| =1+1
else A[K] = R[] ]
1=]+1



Merging (cont’d)
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Merging (cont’d)
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Merging (cont’d)
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Merging (cont’d)
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Merging (cont’d)
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Merging (cont’d)
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Merging (cont’d)
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Merging (cont’d)
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Merging (cont’d)
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Merging (cont’d)

10 11 12 13 14 15 16 17

A Lol I ENEIEN EIEIRAES

Clelnie maliale s

MERGE(A, 9, 12, 16)

888888888



The general rule

* The length-n sequence is divided into n
subsequence with one element only.

 The subsequences are repeatedly merged to
form new sorted subsequences until there is
only one subsequence remaining.



Merge sort: divide
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Merge sort: concur
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Number of element comparisons

MERGE-SORT (A, p, r)
ifp<r
q=1(+7r)/2]
MERGE-SORT (A, p, q) T(n/2)
MERGE-SORT (A, g+1,r)  T(n/2)
MERGE (A, p, q, r) n

We count comparisons: T(n) = 2T(n/2) + n (n>1)
T(1) =7




Comparisons (cont’d)

e Assume for simplicity that n is a power of two
 T(n)=2T(n/2) +n

=2(2T(n/4) + n/2) + n

=4T(n/4) + 2n

= 2IT(n/2Y) + i*n as long as n > 2!

The recursion bottoms out when n = 2, and
T(n) = 2'T(n/2Y) + i*n

= 2'T(2/2Y) +i*n

2L T(1) +Ign*n =nlgn



